An extension of Wertheim's first-order thermodynamic perturbation theory is proposed to describe the global phase behavior of linear rigid tangent hard sphere chains. The extension is based on a scaling proposed recently by Vega and McBride ͓Phys. Rev. E 65, 052501 ͑2002͔͒ for the equation of state of linear chains in the solid phase. We have used the Einstein-crystal methodology, the Rahman-Parrinello technique, and the thermodynamic integration method for calculating the free energy and equation of state of linear rigid hard sphere chains with different chain lengths, including the solid-fluid phase equilibria. Agreement between the simulation data and theoretical predictions is excellent in all cases. Once it is confirmed that the proposed theory can be used to describe correctly the equation of state, free energy, and solid-fluid phase transitions of linear rigid molecules, a simple mean-field approximation at the level of van der Waals is included to account for segment-segment attractive interactions. The approach is used to determine the global phase behavior of fully flexible and linear rigid chains of varying chain lengths. The main effect of increasing the chain length in the case of linear rigid chains is to decrease the fluid densities at freezing, so that the triple-point temperatures increase. As a consequence, the range of temperatures where vapor-liquid equilibria exist decreases considerably with chain length. This behavior is a direct result of the stabilization of the solid phase with respect to the liquid phase as the chain length is increased. The vapor-liquid equilibria are seen to disappear for linear rigid chains formed by more than 11 hard sphere segments that interact through an attractive van der Waals mean-field contribution; in other words, long linear rigid chains exhibit solid-vapor phase behavior only. In the case of flexible chains, the fluid-solid equilibrium is hardly affected by the chain length, so that the triple-point temperature reaches quickly an asymptotic value. In contrast to linear rigid chains, flexible chains present quite a broad range of temperatures where vapor-liquid equilibria exist. Although the vapor-liquid equilibria of flexible and linear rigid chain molecules are similar, the differences in the type of stable solid they form and, more importantly, the differences in the scaling of thermodynamic properties with chain length bring dramatic differences to the appearance of their phase diagrams.
I. INTRODUCTION
During the last two decades, considerable advance has been achieved in understanding and predicting phase diagrams of model molecular systems. 1 The development of new and more accurate statistical mechanics methods, and the increased use of computer simulation techniques, have provided an in-depth understanding, from a molecular perspective, of the phase behavior of systems as complex as associating substances, molecules that exhibit liquidcrystalline phases, charged molecules, and molecular chains. Unfortunately, most of the theoretical studies carried out during the last years have been concerned with the thermodynamic description of the fluid ͑liquid and gas͒ phases, whereas little attention has been paid to the solid phase. 2 From the point of view of molecular simulations, partially due to the increased speed of computers, the calculation of the complete phase diagram of a given molecular model can now be carried out within a reasonable amount of time. Although brute-force computational power is essential from a numerical perspective, the success of simulation studies is also due to the development of techniques for the calculation of phase equilibria. [3] [4] [5] [6] [7] [8] [9] From a theoretical point of view, the understanding of the thermodynamics and phase behavior of molecular and chainlike fluids at a microscopic level has experienced an a͒ Author to whom correspondence should be addressed. Fax: ϩ34 959 019777; Electronic mail: Felipe.Jimenez@dfaie.uhu.es enormous advance since late 1980s following the development of Wertheim's thermodynamic perturbation theory ͑TPT͒ for associating hard spherical fluids. [10] [11] [12] [13] [14] In addition, this theoretical framework, also known as the basis for the statistical associating fluid theory ͑SAFT͒ in the chemical engineering community, [15] [16] [17] provides the Helmholtz free energy, and the equation of state ͑EOS͒, of fully flexible chains of tangent spherical monomers. At the first order of approximation ͑TPT1͒ the key point of the approach is that it concludes that all the thermodynamic properties of a chain system can be obtained from knowledge of the Helmholtz free energy and the pair radial distribution function of the spherical ͑monomeric͒ reference fluid alone. A second important advantage of the theory of Wertheim is its wide range of applicability to different potential models, including Lennard-Jones, 18 -22 square-well, 23, 24 and Yukawa, 25 intermolecular potentials. We recommend the excellent reviews of Müller and Gubbins 26, 27 of the SAFT approach for further details.
Recently, the theory of Wertheim has been extended by Vega and MacDowell 28 to describe the fluid-solid phase behavior of fully flexible tangent hard sphere chains. The theoretical predictions are in excellent agreement with the computer simulation results of Malanoski and Monson. 29 In a fully flexible tangent chain model the pair potential between monomers that form the molecules ͑either in the same or in different chains͒ is given by a spherical potential ͑the hard sphere potential in this work, but the discussion is also valid for other spherical intermolecular potentials, such as the Lennard-Jones potential͒, with no bending or torsional potentials between the monomers forming the chain ͑although there is an intramolecular pair interaction between monomers of the same chain separated by more than one bond͒. More recently, the theory has also been extended to deal with different fully flexible molecular models. [30] [31] [32] [33] [34] Agreement between computer simulation and theoretical predictions, not only for the EOS of chains in the solid phase, but also for the free energies in the solid phase, shows that Wertheim's perturbation theory constitutes a unified theoretical framework for describing the phase behavior ͑including the solid phase͒ of fully flexible tangent chain models.
The fully flexible chain model exhibits peculiar features in the solid phase that should be discussed at this stage. As previously mentioned, a flexible chain model has neither bending nor torsional potentials between the monomers in a chain. Therefore there is no energetic penalty when the atoms of the chains adopt a close packed structure ͑such as the face-centered-cubic or fcc close-packed structure͒ in which there is an ordered arrangement of atoms, but no long-range orientational order of chain bond vectors. 28 -30 This structure is referred to as the disordered solid. Wojciechoswski et al. 35, 36 were the first to realize that it is likely that ordered structures, such as those formed by layers of oriented molecules, do not correspond to the stable solid phases of fully flexible tangent chains. The same idea has been demonstrated by Malanoski and Monson, 29 who have determined the EOS and free energies, including the fluid-solid equilibria, of fully flexible tangent hard sphere chains with different chain lengths. The predictions of Vega and MacDowell 28 with the extension of the theory of Wertheim for the solid phase of chain molecules are in excellent agreement with their simulation data.
Although it is clear from the previous discussion that the stable solid phase of the fully flexible tangent chain model is a disordered structure, an important question arises when comparing the ordered and disordered solid structures of fully flexible chains: Why is the stable solid phase for this model the disordered one? Although the intermolecular interactions provide similar values of the free energy in both systems, an additional term associated with the degeneracy that arises from the number of ways of arranging fully flexible chains in a disordered solid provides a positive entropic contribution in the case of the flexible chains. 29 This additional term to the free energy, which can be viewed as a stabilizing effect on the solid phase of the system, lowers the free energy of the disordered structure with respect to that of the ordered solid. Obviously, the entropic contribution does not exist in an ordered solid since there is only one way to accommodate them in the ordered structure.
Another model system of chain molecules, which is similar to the previous one, but exhibits a very different stable solid structure, is the so-called linear tangent hard sphere ͑LTHS͒ chain model. As in the flexible model, the pair potential between monomers forming the linear chains ͑belonging either to the same chain or to different chains͒ is given by the hard sphere potential, but now the bond length, bond angles, and internal degrees of freedom are fixed. It is important to notice that the Hamiltonian of a system of fully flexible chains and that corresponding to linear rigid chains are different. Also, in the first model the molecules can adopt any bond angle or torsional state, as corresponds to flexible molecules, whereas these degrees of freedom are frozen in the linear rigid chain. At the first-order approximation ͑TPT1͒, Wertheim's theory does not distinguish between fully flexible and linear rigid chains; 14, 15 it predicts the same EOS for both models. This surprising result, supported by computer simulation data, 37 holds very well in the fluid phase of hard sphere chains. However, this is not longer true for solid phases, as has been demonstrated recently by Vega and co-workers. Vega et al. 38 have performed Monte Carlo simulations and determined the EOS of LTHS chains of different chain lengths. They have found that the EOS of this model differs considerably from that corresponding to fully flexible chains. It is important to recall here another crucial difference between the models: Whereas the linear rigid chain model exhibits liquid-crystalline phases for chain lengths equal or larger than five segments, the fully flexible model presents only isotropic liquid phases. These results have been corroborated more recently by Sanz et al., 31 who have performed Monte Carlo simulations in the solid phase to determine the EOS of fully flexible and linear rigid Lennard-Jones chains.
The differences between the Hamiltonians corresponding to fully flexible and linear rigid chains are responsible for the different solid structures exhibited by both of models: While the stable structure of fully flexible chains corresponds to a disordered solid, it is expected that the stable solid structure of LTHS chains would be given by layers of molecules with the chains adopting an ordered configuration in which all molecules within the same layer point in the same direction. Examples of such structures have been proposed previously in the literature for different molecular systems. 31, [39] [40] [41] Although the stable solid configuration for a system of LTHS chains is known and well understood, little work has been devoted to study the fluid-solid phase behavior of this model. Since Wertheim's first-order perturbation theory predicts the same thermodynamic properties for fully flexible and linear rigid chains, it is obvious that in its current form the approach would not be able to predict the differences between the thermodynamic properties of the two models in the solid phase. In order to explain the differences between flexible and linear rigid chains in the solid phase Vega and McBride 42 proposed a scaling relationship for the compressibility factor of both models. The derivation used by Vega and McBride was rather heuristic, so that it is not completely satisfactory from a theoretical point of view. However, the scaling relationship was found to hold quite well in the solid phase when compared with simulation results of flexible and linear rigid chains in the solid phase.
The goal of this work is to use the scaling proposed by Vega and McBride 42 for the compressibility factor and, more importantly, to extend it to describe the free energy of the solid phase. The extension of the scaling to the free energies of the solid will allow for the first time to estimate the fluidsolid equilibrium of linear tangent hard chains from a theoretical basis. Following the well-known approach of Longuet-Higgins and Widom 43 ͑this seminal paper has been reprinted recently 44 ͒ also used by Paras et al. 45 and by us in a previous work, 33 a segment-segment mean-field attractive contribution is incorporated both in the fluid and solid phases. The addition of a mean-field term to an accurate molecular theory yields a simple and tractable formalism and, at the same time, allows to us determine not only the liquid-solid equilibria, but also the vapor-liquid and vaporsolid phase behavior. Obviously, and due to the crude nature of the mean-field approximation, only a qualitative understanding of the phase diagram can be obtained in such a way. In this work we also address several questions involving the solid phases: do LTHS chains present a large fluid range ͑as seen in the case of fully flexible chains͒? Would the triplepoint temperatures of infinitely long rigid chains reach an asymptotic limit as that exhibited by fully flexible chains?
The scheme of this paper is as follows: In Sec. II the chain models are considered and the extension of Wertheim's theory to study the solid phase of fully flexible and linear rigid chains is described. Simulation details are reported in Sec. III. In Sec. IV the results for hard chains with attractive interactions at the mean-field level of van der Waals are given, and in Sec. V the conclusions are presented.
II. MODELS AND THEORY
In this work we shall consider two molecular models of chains: fully flexible and linear rigid tangent hard sphere chains. In the first model, the chains are flexible ͑i.e., there is no restriction in either the bonding angles or in the torsional angles͒, so that each monomer of a certain chain interacts with all other monomers in the system ͓i.e., in the same molecule or in other molecules with the only exception of the monomer͑s͒ to which it is bonded͔ with the hard sphere potential u ref (r) . In the second model, the interactions between segments are identical to those in the fully flexible model ͑i.e., the spherical segments interact through the hard sphere potential͒, but as the chains are rigid, intramolecular interactions ͑interactions between segments in the same molecule͒ are now irrelevant since contribution to the Hamiltonian of the system is simply a constant.
A. Brief description of Wertheim's thermodynamic perturbation theory
Consider a system of chains of m tangent spherical segments ͑monomers͒, at a volume V and temperature T. 
B. Fluid phase description for flexible and linear rigid chains
It is well known that Wertheim's TPT1 can be used to predict accurately the thermodynamic phase behavior of hard sphere chains in the fluid phase. In particular, at the first level of approximation the theory does not distinguish between fully flexible and linear rigid chains, and therefore it predicts the same EOS for a fully flexible chain and for a fully rigid chain. This surprising result holds very well for the fluid phase of hard sphere chains. 37 In this work we use Wertheim's TPT1 14, 15, 19 approach to describe the fluid phase behavior of both fully flexible and linear rigid tangent chains. As mentioned in the previous section, in order to use the theory to predict the thermodynamic properties of the fluid phase of both models, a knowledge of the residual free energy of the monomer hard sphere system and of its pair radial distribution function at contact length are required. Here we give only a short summary of the main expressions.
The Carnahan-Starling EOS
is used to describe the compressibility factor of the hard sphere system in the fluid phase. Here represents the packing fraction of hard spheres, defined in the usual way,
The residual Helmholtz free energy of the system in this phase can be easily obtained from Eq. ͑3͒ by thermodynamic integration: i.e.,
The virial route can be used to obtain the pair radial distribution function of the system contact length,
where g f ref ( ) is the pair radial distribution function of the reference system at contact length in the fluid phase.
Wertheim's TPT1 predictions from Eqs. ͑1͒ and ͑2͒ for both fully flexible and linear rigid tangent chains in the fluid phase can be obtained using Eqs. ͑3͒, ͑5͒, and ͑6͒.
C. Solid phase description for fully flexible chains
Recently, Vega and MacDowell 28 have demonstrated the possibility of extending Wertheim's perturbation theory to deal with solid phases of fully flexible hard sphere chains by noting that the arguments used to arrive to Wertheim's TPT1 equations make no special mention of the actual nature of the phase considered. The same is true for Lennard-Jones chains, 30, 31, 34 fully flexible hard disk chains, 32 and fully flexible hard chain molecules with segment-segment interactions treated at the mean-field level of van der Waals. 33 In summary, in order to use Wertheim's theory to predict the thermodynamic properties of the solid phase of fully flexible chains, only the residual free energy and the pair radial distribution function at contact length of the reference hard sphere system in the solid phase are required. Expressions for these properties have been presented in detail elsewhere; 28, 33 here, we give a short summary of the main expressions. The residual free energy of the reference hard sphere monomer in the solid phase, A r,s ref , can be obtained from the following equation:
uses thermodynamic integration to get the free energy of the solid phase at any volume fraction, provided that the free energy at a reference volume fraction ϭ0.5450
is known ͑its value being 5.918 89 in units of
Notice that this is the best estimate currently available of the free energy of the hard sphere monomer in the solid phase. 47 All that is then needed to evaluate Eq. ͑7͒ is an expression for the EOS of the hard sphere monomer in the solid phase. The compressibility factor of the hard sphere reference system in the solid phase is well described by the EOS proposed by Hall. 48 The expression of Hall is essentially a leastsquares fit to the simulation results of hard spheres obtained by Alder, and for this reason, it cannot be used for volume fractions beyond the range of the fit. For example, the equation of Hall predicts a pressure increase for decreasing densities in the case of packing fractions lower that Ϸ0.46. For this reason the Hall EOS is not recommended for packing fractions below those of the melting of hard spheres. In view of this, we have decided to use a different EOS to describe the monomer hard sphere in the solid phase. The equation should be mathematically simple and provide a reasonable description of the hard sphere solid and without pathological behavior at volume fractions lower than those of hard spheres at melting. We shall use a simple expression based on the cell theory ͑not the exact free volume expression of Buehler et al., 49 but a simplified expression based on the smearing approximation 50, 51 ͒. The EOS that we shall use in this work for the hard sphere monomer solid is
where c ϭͱ2/6 is the volume fraction of hard spheres at close packing. The performance of Eq. ͑8͒ has been presented in Ref. 51 and it is seen to perform reasonably well.
The pair radial distribution function of the reference system in the solid phase at contact length, g s ref (
), can be obtained using the virial route,
D. Solid phase description of linear rigid chains
It is clear that the TPT1 theory of Wertheim presented in the previous section cannot be used to describe the thermodynamic phase behavior of LTHS chains in solid phase. In principle, extensions of the theory to higher orders could be developed to deal with such chains, 14 but unfortunately, the second and higher orders of the perturbation scheme of Wertheim require the knowledge of the third-, fourth-, and higher-order distribution functions of the hard sphere reference system. Little is known about such complex functions in the solid phase, so that such extensions are not possible at the moment.
Vega and McBride 42 have recently proposed an alternative and successful procedure to use the theory of Wertheim in the context of LTHS chains in solid phase. This approach is based on a scaling factor, which depends on the degrees of freedom of the linear rigid and fully flexible chains and which provides the pressure of rigid linear chains in terms of the pressure of fully flexible chains. If Z linear is the compressibility factor of linear rigid hard sphere chains and Z flex is the corresponding factor for fully flexible chains, the scaling of Vega and McBride 42 can be written as
where f linear is the number of degrees of freedom of the linear rigid chains, which is equal to 5, and f flex is the number of degrees of freedom of fully flexible chains, which is 3 ϩ2(mϪ1) ͑since the bond length of the model is fixed, f flex is given by three degrees of freedom of an arbitrary atom in the model and two degrees of freedom for each of the bonds͒. This results in the formula
͑11͒
The scaling given by Eq. ͑11͒ due to Vega and McBride shows excellent agreement with Monte Carlo simulation data 42 for LTHS chains when the properties of the flexible chain are given in the TPT1 approach. Although the authors have provided a heuristic argument within the context of the cell theory, the approach should be understood as a phenomenological rule which may help to provide an estimate of the thermodynamic phase behavior of LTHS chains in the solid phase.
Since Eqs. ͑10͒ or ͑11͒ can be used for calculating the EOS of linear rigid chains, it is natural to wonder whether it could also be used to describe the global phase behavior of linear rigid chains. Noting, in this context, that an accurate EOS does not guarantee the correct prediction of the fluidsolid equilibria, as the theoretical approach must also provide good estimates for the free energies in the solid phase. The change of free energy of LTHS chains can be computed from
which indicates that the same scaling used in Eq. ͑10͒ or ͑11͒ can be used for the change of free energy of linear rigid chains. However, in order to obtain the global phase behavior of the model system, the value of the free energy ͑and not just its change with density͒ is needed. The key point for calculating the absolute value of the free energy for linear rigid chains is directly related with the difference between the solid structures of the linear and flexible models. Fully flexible chains present configurational degeneracy in the solid phase, which is accounted for with the scaling proposed by Vega and McBride. 42 Wertheim's theory-and in particular Eq. ͑1͒-accounts implicitly for this contribution. Such entropic contribution to the free energy arises from the existence of a number of ways of forming the disordered solid, whereas there is only one way of forming an ordered solid. 28, 29 In other words, the configuration that minimizes the free energy of linear chains in the solid phase is expected to be unique and based on a structure of hard spheres, with the bonds of the linear molecules exhibiting long-range orientational order. Such entropic contribution must be evaluated independently and later subtracted from Eq. ͑1͒ in order to obtain a more accurate Helmholtz free energy for linear molecules.
The degeneracy contribution of the free energy associated to fully flexible chains in a disordered solid is encountered in the statistical mechanics of lattice models of polymers 52, 53 and can be accurately estimated using meanfield theories, such as those of Flory 54 and Huggins, 55 which provide an estimation of the configurational degeneracy of a solution of polymers in a low-molecular-weight solvent in a lattice. The Huggins estimate, 55 which has been used previously by Malanoski and Monson, 29 is also used in this work. The contribution to the Helmholtz free energy under this approximation is given by 29, 55 A deg
where z is the coordination number of the lattice, which in our case is set equal to zϭ12 for an fcc lattice. Notice that the degeneracy contribution to the free energy is negative, hence making the disordered solid phase more stable.
In summary, the Helmholtz free energy of a system of linear LTHS chain molecules can be obtained following two steps:
͑i͒ Subtraction of the degeneracy contribution to the free energy, given by Eq. ͑13͒, from the Helmholtz free energy of fully flexible hard sphere chains of Eq. ͑1͒.
͑ii͒ Application of the scaling of Vega and McBride, given by Eq. ͑11͒, to the result obtained in the previous step.
The final mathematical expression for A linear , the Helmholtz free energy of linear rigid hard sphere chains, can be written as
Other thermodynamic properties can be obtained from the previous expression using standard thermodynamic relationships. In particular, the compressibility factor obtained from this equation is identical to that given by Eq. ͑11͒, since the degeneracy contribution to the free energy, A deg , is independent of density.
E. Mean-field attractive interactions
A full description of the global phase behavior of molecular chains would not be complete without taking into account the attractive interactions between the segments that form the chains. These forces need to be incorporated into the model in order to study the vapor-liquid and vapor-solid phase equilibria, in addition to the solid-liquid phase behavior. As mentioned in the Introduction, we follow here the approach introduced by Longuet-Higgins and Widom 33, 43, 44 and add a simple mean-field term to the free energies of both the fully flexible and LTHS chain models given by Eqs. ͑1͒ and ͑14͒, in the fluid and solid phases. We have already used this approach in a previous work. 33 The Helmholtz free energy due to the segment-segment attractive interactions treated at the mean-field level of van der Waals is given by 15, 33 
where ⑀ mf is the integrated van der Waals mean-field segment-segment attractive energy.
III. SIMULATION DETAILS
The so-called close-packed structure 1 ͑CP1͒ 39 is used as the equilibrium solid structure for the linear tangent hard sphere model. In this structure the monomers of the system form an fcc close-packed arrangement of spheres at the maximum possible density. The molecules form layers and the molecular axes of all the molecules point in the same direction. A more detailed description of the structure is given in Refs. 38 and 39. Other close-packed structures of hard diatomics were described in Ref. 39 , but the differences in free energy between different structures were found to be small. Similarly, we expect small differences for the thermodynamic properties of different close packed structures of the LTHS model.
Recently, 38 computer simulations for the LTHS model in the solid phase with mϭ3, 4, 5, 6 have been performed using the Rahman-Parrinello 7 modification of the constantpressure N-P-T Monte Carlo technique in order to allow for anisotropic changes of the simulation box shape 8 since the solid CP1 structure does not have cubic symmetry. The simulation results for the equation of state were reported elsewhere. 38 In this work free energy calculations have been performed for the LTHS in the solid phase ͑CP1 structure͒ for mϭ3, 4, 6. These free energy calculations allow to determine the fluid-solid transition of the LTHS model and provide a test of the performance of the theory described in this paper. The free energies of the solid phases have been calculated using the Einstein-crystal methodology. 9, 56 The method used here is quite similar to the one described in previous works. 39, 57, 58 The idea is to build a reversible path between the solid and an ideal Einstein crystal. In the ideal Einstein crystal the molecules are linked to the lattice sites with harmonic springs, and there are no intermolecular interactions. Translational and orientational springs are used. The maximum value of the strength of the spring max used in the calculations was the same for both translational and orientational springs. We used max ϭ1300, 5500, 9000 for mϭ3, 4, 6, respectively ͑note that the units are of k B T/ 2 for the translational spring and of k B T for the orientational spring͒.
Fifteen different values of in the range 0рр max were used to connect the reference solid to the interacting Einstein crystal. The difference in free energy between the interacting Einstein crystal and the noninteracting Einstein crystal was obtained by using umbrella sampling as described in Ref. 39 . The length of the runs for the free energy calculations was 40 000 equilibration cycles ϩ40 000 averaging cycles. In the case of the CP1 structure it is important to mention that the shape of the equilibrium unit cell at a given density is slightly different to that of close packing. The free energy calculations were carried out using the equilibrium unit cell at each density. The equilibrium shape of the unit cell was taken from our previous work ͑meaning that the number of particles and the arrangement of the molecules used for the free energy calculations in this work are identical to those used in Ref. 38͒. Once the free energy of the solid at a reference packing fraction 0 is known, the free energies at other densities can be obtained as
where Z s is the compressibility factor of chain molecules in the solid phase. The residual free energies of the fluid phase A r, f can be obtained by thermodynamic integration:
where Z f is the compressibility factor of chain molecules in the fluid phase. The EOS of the fluid phase for mϭ4, 6 has been reported previously. 38 In the case of mϭ3 we perform new simulations to determine the EOS in the fluid phase. Equation ͑17͒ is integrated in the low-density region ͑up to volume fractions of about 0.10͒ using the virial expansion truncated at fourth order in density ͑the virial coefficients of the LTHS for mϭ3, 4, 6 were determined some time ago 59 ͒, and for packing fractions higher than 0.10 the equation-ofstate simulation results are fitted to an empirical expression.
The fluid-solid equilibria for mϭ3 and mϭ4 were obtained by equating the chemical potentials and pressures of the fluid and solid phases. We did not evaluate the fluidsolid equilibrium for mϭ6 since liquid-crystalline phases ͑nematic and smectic͒ are known 38, 60 to be present between the fluid and solid phases in this case.
IV. RESULTS
We have used the expressions presented in the previous section to obtain the phase diagram of LTHS chains incorporating attractive interactions in the mean-field approximation of van der Waals. We have also determined the phase behavior of fully flexible chains, and the results corresponding to both models have been compared. The phase equilibria between two or three given phases have been calculated in the usual way, by equating the pressure and chemical potential in each phase. Throughout this section we use the integrated mean-field dispersive energy ⑀ mf as the unit of energy and the hard sphere diameter of the monomers forming the chains as the unit of length. According to this, we define the reduced temperature and pressure as T*ϭk B T/⑀ mf and p* ϭ p 3 /⑀ mf . The coexistence densities are given in terms of the packing fraction .
Before presenting the results corresponding to the phase behavior of fully flexible and linear rigid hard sphere chains with segment-segment attractive interactions at the meanfield level of van der Waals, we examine the solid-fluid phase behavior of linear tangent hard sphere molecules of different chain lengths. This is done by setting ⑀ mf ϭ0 in Eq. ͑15͒. In Table I the theoretical predictions and simulation results for the free energy of linear rigid hard sphere chains in the solid phase are presented. As can be seen, the agreement between the theory and simulation data is quite good, with deviations of about 5%. It is important to emphasize here that the theoretical determination of the free energy of linear rigid tangent hard chains in the solid phase is not an easy task, so that the accuracy of the results of Table I justify the use of the approximations leading to Eq. ͑14͒. The difference in the free energy in the solid phases of the flexible chain model and the rigid linear model can be seen by comparing the data in Table I in this work and those of Table I in Ref. 28 . The comparison reveals that the free energies of flexible chains are substantially larger than those of linear rigid chains ͑for instance, for mϭ4 the free energy of the flexible chains is about twice that of the linear rigid chains͒. Moreover, the variation of the free energy of the solid phase with chain length m is markedly different for the flexible and linear rigid chains. For a given volume fraction ͑i.e., ͒ the free energy of the flexible chains in the solid phase increases linearly with m, whereas that of the linear rigid chains becomes practically independent of m for relatively small values of m ͑Ref. 42͒. Notice that in the fluid phase flexible and linear rigid chains present very similar ͑identical in the TPT1 approach͒ equations of state and free energies, which increase linearly for increasing m. Summing up, flexible and rigid hard chains present the same scaling for the free energy for the fluid phase, but different scaling for the free energy of the solid phase. 42 The freezing behavior of both systems can be expected to be rather different given the different behavior of the solid free energies in the solid phase.
In Fig. 1 the EOS for fully flexible and LTHS chains with mϭ3 are shown, including the fluid and solid phases, as well as the solid-fluid phase transition obtained from the extension of Wertheim's theory and the computer simulations of this work. We have also included the computer simulation results of fully flexible hard sphere chains of Malanoski and Monson. 29 As can be seen, the EOS of both models in the fluid phase are nearly identical, as expected. However, the EOS of fully flexible and linear rigid chains in the solid phase are dramatically different. For a given pressure, the linear rigid chains have a higher density in the solid phase than the flexible ones. Conversely, for a certain packing fraction the pressure of the flexible model is considerably higher than that of the linear rigid one. A consequence of this shifting is that the solid-fluid phase transition of linear rigid chains occurs at lower pressures than those corresponding to fully flexible chains. In Fig. 2 the fluid-solid equilibrium of flexible and linear rigid hard sphere chains with mϭ4 is presented. The trends are similar to those presented in Fig. 1 for mϭ3. Note, however, that in passing from mϭ3 to m ϭ4, the freezing properties of flexible chains hardly change, whereas those of linear rigid chains undergo important changes. As can be seen, agreement between the theoretical predictions and simulation data is excellent at all thermodynamic conditions, including the solid-fluid coexisting properties. The message from Figs. 1 and 2 is that by using the EOS of hard spheres in the fluid phase and the EOS of hard spheres in the solid phase, it is possible to yield reasonable predictions of the fluid-solid equilibrium of flexible and LTHS chains. It is striking that all the information required to implement the theory was available forty years ago already.
In Table II Table II show that the extension of the theory of Wertheim presented in this work is able to provide an excellent description of the solidfluid phase transition for flexible and LTHS chains, although it is important to note here that linear rigid hard chains greater than mϭ5 are known to exhibit liquid-crystalline a Obtained using the cell theory for the hard sphere reference system in the solid phase.
b Obtained using the Hall EOS for the hard sphere reference system in the solid phase. phase behavior in addition to the fluid-solid phase behavior studied in this work.
Once we have checked that the scaling proposed by Vega and McBride 42 for the EOS and the scaling proposed in this work for the Helmholtz free energy of LTHS molecules are able to predict accurately the solid-fluid phase transition for different chain lengths, we use the theory presented in Sec. II to describe the phase behavior of linear rigid chains with segment-segment attractive interactions at the mean-field level of van der Waals. We consider first the global phase behavior of fully flexible chains. In Fig. 3͑a͒ the coexistence curves of fully flexible hard chain molecules with different chain lengths and with segment-segment attractive interactions at the mean-field level are presented. As can be seen in the T-projection, the phase diagram of fully flexible chains is characterized by a large fluid range. In addition, the triplepoint temperature reaches very rapidly an asymptotic finite value and the solid-fluid coexistence densities become similar for long chain molecules. The largest increase in the solid-fluid phase behavior occurs in going from the dimer to the trimer system. It is important to note here that the triple temperature ͓showed in the inset of Fig. 3͑a͔͒ is close to constant for the chain lengths considered, although it slightly increases as the chain length is larger. The results presented here using the cell theory 50, 51 to describe the solid phase of the hard sphere monomer are similar to those obtained in a previous work with the EOS of Hall 48 for the hard sphere solid. 33 The p-T projection of the phase diagram and its log p-T representation are presented in Figs. 3͑b͒ and 3͑c͒ , respectively. As can be seen, the solid-liquid melting line is almost vertical, showing a small dependence on the chain length, as suggested by the previous figure, and indicating a large fluid range in all cases. The temperature dependence of the solid-vapor coexistence pressure is better seen in the log p-T representation. As can be seen, the triple pressure decreases by several orders of magnitude as the chain length increases. This is in contrast with the behavior of the triple temperature, which is nearly constant for the chain lengths studied (mϭ2 -6) ͑see Table III͒. The T-projection of the phase diagram of LTHS chains with segment-segment attractive interactions at the mean-field level is presented Fig. 4͑a͒ . Important differences with the coexistence curves of the fully flexible chain model can be observed. The most striking concerns the behavior of the solid-liquid coexistence as the chain length is increased: in the case of the fully flexible chains the equilibrium curves are practically identical ͑although slight density increases are seen as the chain length is increased͒, whereas in the case of linear rigid molecules the coexistence boundaries are greatly displaced toward lower densities as the chain length is increased, indicating that the solid phase becomes more stable than the liquid phase. A second important difference, related to the first one, is the behavior of the triple temperature, which increases for larger molecules. As a consequence of this, the liquid-vapor coexistence region becomes smaller in both the temperature and density ranges. Note that the fluid phases are described with Wertheim's TPT1, so that flexible and linear rigid chains are described by the same equations in the fluid phase. This means that the vapor-liquid equilibria predicted by the theory for flexible and linear rigid chains are identical; although differences between the vapor-liquid equilibria of flexible and linear chains must exist, they are expected to be small. The p-T projection of the phase diagram is shown in Fig. 4͑b͒ . As can be seen, the solid-liquid coexistence pressure is greatly displaced toward higher temperatures as the chain length is increased, which suggests that the ordered solid phase of linear rigid chains is more stable than the disordered solid phase of fully flexible chain molecules. Another noticeable difference between both models is that the absolute values of the solid-vapor coexistence or sublimation pressure for linear rigid chains are several orders of magnitude larger than those corresponding to fully flexible chains of the same chain length. The lowtemperature coexistence pressures can be seen more clearly in Fig. 4͑c͒ , in which a log p-T representation is shown. As can be seen, the triple-point temperature and pressure increase as the chain length is increased, which clearly indicates that the ordered solid phase corresponding to linear rigid molecules becomes quite stable. Let us now consider the phase diagrams of flexible and linear models in the case of very long chains. In Fig. 5 the phase diagram of the flexible model for longer chains is presented. As can be seen, the vapor-solid and fluid-solid equilibria are hardly affected by the length of the chain in this case ͑in agreement with our previous work 33 ͒. This is a direct consequence of the scaling behavior of the Helmholtz free energy with the chain length. 28, 33 We have also studied the phase behavior of longer LTHS chains with segment-segment attractive interactions in order to determine the dependence of the triple-point temperature as the chain length is increased. However, care must be taken with these results. It is well known that LTHS chain molecules form liquid crystal phases for m longer than 5. One may suspect that the same must occur for rigid linear chains presenting attractive forces. Hence it is expected that the phase diagrams presented here for longer chains will be modified when the existence of liquid-crystalline phases is explicitly considered. Although beyond the scope of this work, it is possible that the commonly used lattice theory for liquid crystals could be incorporated in the Wertheim's formalism to deal with the liquid-crystalline phases exhibited by long LTHS chains. Unfortunately, it is not obvious to us how to extend the theoretical treatment of this work to deal with liquid-crystalline phases. Therefore, the results presented here for long linear rigid chains must be regarded with care and seen as only providing first hint of how the phase diagram would be in the absence of liquid-crystal phases.
The T-and p-T projections of the phase diagram of linear chains for relatively long chain lengths are shown in Fig. 6 . As can be seen in Fig. 6͑a͒ , the fluid densities at freezing move toward lower values as the chain length is increased, producing a shrinking of the fluid region. This is due to the stabilization of the solid phase with respect to the liquid phase. As a consequence, the triple-point temperature behaves completely different to that of the fully flexible chains: whereas in the flexible model the triple temperature is almost constant for the whole range of chain lengths considered, the triple temperature of linear rigid chains increases FIG. 3 . ͑a͒ T-, ͑b͒ p-T, and ͑c͒ log p-T projections of the global phase diagram of fully flexible hard sphere chain molecules with segmentsegment attractive interactions with lengths mϭ2 ͑solid curves͒, mϭ3 ͑dot-ted curves͒, mϭ4 ͑dashed curves͒, mϭ5 ͑long-dashed curves͒, and mϭ6 ͑dot-dashed curves͒. The inset in ͑a͒ shows the region close to the triple point.
for increasing molecular length, producing a wider range of temperatures in which the solid is in equilibrium with its vapor. In fact, a wide liquid-vapor temperature range is seen in the fully flexible models, while linear rigid chains formed by the same number of segments exhibit solid-vapor equilibria. For instance, a system of chains formed by seven tangent hard spheres with segment-segment attractive interactions at the mean-field level of van der Waals has a triple temperature to critical temperature ratio T t /T c , which is equal to 0.172 for the case of fully flexible chains, indicating a huge fluid range, and equal to 0.776 for linear molecules, indicating a narrow vapor-liquid coexistence. Note that this ratio increases toward the limiting case T t /T c →1 in which the vapor-liquid equilibria disappears because the solid phase becomes more stable that the liquid at all thermodynamic conditions. The prediction that the liquid range of linear rigid chains is quite small ͑i.e., high values of T t /T c ) is somewhat surprising. For this reason, work is under way to determine by computer simulation the full phase diagram of linear rigid Lennard-Jones chains. 61 Preliminary results for mϭ3 and mϭ5 from simulation data confirm the trends predicted by the theory of this work.
Results corresponding to the solid-liquid, liquid-vapor, and solid-vapor coexistence pressures, as functions of temperature, for LTHS chains are shown in Fig. 6͑b͒ . As can be seen, a similar behavior to that corresponding to shorter chains is observed. The triple-point pressure of linear rigid chains increases as the chain length is increased, in agreement with the results for the T-coexistence diagrams. In addition to the p-T projection of the phase diagram, we have also used a log p-T representation in order to study the solidvapor coexistence pressures with temperature. An increase of the chain length results in a displacement of the curve for the vapor-solid pressure toward higher temperatures. It is important to note that these pressures are several orders of magnitude higher than the pressures corresponding to fully flexible chains, as expected from previous results.
The differences between the global phase diagrams of fully flexible and linear rigid chains are a direct consequence of the differences between the free energies of both systems in the solid phase ͑in the present treatment the free energies of the fluid phase are identical, so that differences in the phase diagram arise from differences in the behavior of the solid phase͒. According to the theory of this work, differences in the free energy of the solid phase do not arise from the attractive forces ͑which in both cases are treated at the mean-field level͒, but rather in the treatment of the reference repulsive hard chain. In this respect the key equation to understand the different phase behavior of flexible and linear rigid chains is Eq. ͑14͒. Flexible chains can form a disordered solid whereas rigid chains cannot ͓as taken into account by the second parenthesis on the right-hand side of Eq. ͑14͔͒. When considering only the second term on the righthand side of Eq. ͑14͒ it turns out that flexible chains should have lower free energy in the solid phase than linear rigid chains due to the presence of the degeneracy entropy. But this is only half of the history. Flexible and rigid chains differ not only in the type of solid they form, but more importantly, differ dramatically in the EOS of the solid phase, reflecting the important fact of having different Hamiltonians ͑to be flexible or to be rigid͒. Looking back, probably the surprising feature is not that flexible and linear rigid chains present different EOS in the solid phase, which can be attributed to the differences in the Hamiltonians of both models, but rather that they are so similar in the fluid phase ͑as can be seen from the simulation results of Figs. 1 and 2͒ . Therefore, the key term to understand why the free energy of linear rigid chains is lower than that of flexible chains is the first term on the right-hand side of Eq. ͑14͒. The reduction in the number of degrees of freedom of the linear rigid chain ͓5 compared to 3ϩ2(mϪ1)] is responsible for the decrease of the compressibility factor and free energy of the linear rigid chain when compared to the flexible one. This reduction in the compressibility factor and free energy of a linear rigid chain with respect to the flexible chain is the key factor that determines the different phase diagram of flexible and rigid chains. The reduction in the free energy of the solid phase of linear rigid chains results in an additional stability of the solid phase and that moves the fluid densities at freezing to lower values.
Finally, we consider the phase diagram of longer LTHS chains with segment-segment attractive interactions at the mean-field level of van der Waals. The T-projections of the phase diagram for molecules with chain lengths mϭ11, 12, 16, and 20 are shown in Fig. 7͑a͒ . As can be seen, the vapor-liquid coexistence becomes unstable for molecules formed by more than 11 tangent segments. ͑The triple and critical properties of a system formed by molecules with 11 linear rigid tangent segments are nearly identical; i.e., T t * ϭ0. 297 liquid equilibria is metastable with respect to the solid phase. For longer chains, mу12, linear rigid chains exhibit solidfluid equilibria only. We have also obtained the coexistence pressure corresponding to the systems studied in Fig. 7͑a͒ . As can be seen in Fig. 7͑b͒ , the coexistence pressures move toward higher temperatures as the chain length is increased. A change in curvature is seen for a system formed by linear rigid chains with mϭ12 ͑and also for mϭ16, although with a lower change͒ in the region close to the critical region of chains with mϭ11, probably due to the presence of the metastable vapor-liquid coexistence. The extent of the fluid range for increasing chain lengths in the rigid and flexible models is summarized in Fig. 8 . The calculated critical temperatures and triple temperatures ͓Fig. 8͑a͔͒ and the corresponding pressures ͓Fig. 8͑b͔͒ are considered. In these representations the disappearance of the fluid range for rigid chains longer than mϭ11 is suggested by the intersection of the curve of the critical points and the line of the triple points. The markedly different dependence of the triple-point conditions with increasing chain lengths in the rigid and flexible model is also highlighted. The triple-point temperatures increase linearly with increasing chain length in the case of the rigid model, while a close-to-constant behavior is found for the flexible model; in this case, the curves of critical and triple-point conditions do not intersect.
V. CONCLUSIONS
The global ͑solid-liquid, vapor-liquid, and solidvapor͒ phase behavior of fully flexible and linear rigid hard sphere chains with segment-segment attractive interactions at the mean-field level of van der Waals has been obtained using Wertheim's first-order thermodynamic perturbation theory.
An extension of the original TPT1 theory of Wertheim has been proposed to describe the solid phase of linear rigid hard chain molecules. The theoretical framework, which is based on the scaling proposed recently by Vega and McBride, 42 provides an accurate description of the EOS of the system in the whole range of solid densities for different chain lengths. The scaling of the Helmholtz free energy takes into account explicitly the ordered nature of the solid structure corresponding to linear rigid chains.
In order to test the theoretical extension of the theory, we have determined by computer simulation ͑using the Einsteincrystal methodology͒ the Helmholtz free energy of LTHS chain molecules of three different chain lengths. This allowed the determination of the fluid-solid equilibrium of linear rigid chains with mϭ3 and 4. It has been found that the EOS and free energies of flexible and linear rigid chains are quite different in the solid phase. The theory proposed in this work provides a good description of the EOS and free energy for both flexible and linear rigid chains and is able to predict reasonably well the fluid-solid equilibrium of both models. It is striking that all that is needed to develop a theory for the fluid-solid equilibrium of hard sphere chains ͑flexible or rigid͒ is an EOS of hard sphere monomers in the fluid and in the solid phase.
The extension of Wertheim's perturbation theory is also used to study the phase behavior of linear chains with segment-segment attractive interactions treated at the meanfield level of van der Waals. In this sense the results presented here constitute the natural extension of the seminal work of Longuet-Higgins and Widom. 43, 44 The effect of increasing the chain length for linear rigid models is to move the coexistence densities of the fluid phase at freezing to lower values. The most noticeable effect of this behavior is the strong increase in the triple-point temperature and pressure as the chain length is increased. Due to this, the vapor-liquid coexistence region is greatly decreased. At temperatures below the triple point, the solid densities at coexistence move toward higher densities as the chain length is increased.
The behavior observed for LTHS chains is also compared with that corresponding to fully flexible molecules. In FIG. 6 . ͑a͒ T-and ͑b͒ p-T projections of the global phase diagram of LTHS chain molecules with segment-segment attractive interactions with lengths mϭ7 ͑dotted curves͒, mϭ8 ͑dashed curves͒, mϭ9 ͑long-dashed curves͒, and mϭ10 ͑dot-dashed curves͒. The phase behavior corresponding to dimers (mϭ2) is also included ͑solid curves͒. The inset of ͑b͒ also includes a log p-T representation of the coexistence pressure vs temperature.
FIG. 7. ͑a͒ T-projection and ͑b͒ log p-T representation of the global phase diagram of LTHS chain molecules with segment-segment attractive interactions with lengths mϭ11 ͑dotted curves͒, mϭ12 ͑dashed curves͒, m ϭ16 ͑long-dashed curves͒, and mϭ20 ͑dot-dashed curves͒. The phase behavior corresponding to dimers (mϭ2) is also included ͑solid curves͒. the latter system, the solid-liquid and solid-vapor phase behavior is not very sensitive to chain length changes, and the phase boundaries reach very rapidly an asymptotic behavior as the chain length is increased. In particular, very small differences are observed for chains formed by more than four segments. Due to this behavior of the phase boundaries, the triple-point temperatures and pressures, as well as the critical properties, reach asymptotic limits.
The differences between the phase diagrams of fully flexible and linear rigid chain molecules are due to two factors: namely, the different type of solid they may form and the different scaling of the EOS and free energy of the solid phase that results from the difference in the Hamiltonian ͑one model is flexible while the other is rigid͒. Both contributions are accounted for in Eq. ͑14͒, although in an approximate way; this is probably one of the main contributions of this work. The different scaling means that for fully flexible chains the fluid-solid equilibrium is hardly affected by the length of the chains, whereas for the linear rigid model the fluid-solid equilibrium changes strongly with the length of the chain.
We have also considered long chain lengths in the linear rigid chain model in order to observe the effect of the stabilization effect of the solid phase on the vapor-liquid phase behavior. As the chains become larger, the solid-liquid boundaries move toward lower densities, making the vaporliquid coexistence region smaller. For linear rigid chains formed by more than 11 segments, the solid phase becomes so stable with respect to the liquid that the vapor-liquid coexistence becomes unstable and no stable vapor-liquid equilibria is observed for mϾ11. In other words, for linear rigid chains with more than 11 segments, the system only exhibits solid-vapor phase behavior. Care must be taken, however, with respect to the results corresponding to these long linear rigid chains. It is well known that such a model, when only repulsions are taken into account, exhibits liquidcrystalline phases. Unfortunately, the simplified theoretical description presented here cannot be extended in a simple way to deal with liquid-crystalline phases. Here our aim was rather to illustrate a possible scenario of the phase diagram of flexible and linear rigid chains based on a simplified treatment. This work suggests that the analysis of the phase diagram of linear rigid chains may yield some surprises ͑ex-traordinary high values of T t /T c and, therefore, very small liquid ranges͒. This is certainly a problem which would be worth looking into in order to gain a better understanding of the role of molecular flexibility on the global phase behavior of molecular chains.
